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Overview

e Motivation

e Krylov subspace methods for

e symmetric positive definite systems
e symmetric indefinite systems

e Nonsymmetric systems

e preconditioning

e further information
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PDE-based Problems

large-scale simulations in e.g. fluid mechanics,
structural engineering, medical applications,
meteorology ...

linear algebra costs often dominate

finite element, finite difference, finite volume
discretisations

only local connections between unknowns on the
computational grid

very large, very sparse linear systems
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Model Finite Element BVP

Laplace’s equation

d-dimensional uniform grid, discretisation parameter /

1 . . .
n = A nodes in each dimension

coefficient matrix A4 is N x N where N = O(n?) = O(h=9)

e.g. bilinear finite elements
e d =2:9nonzeros per row

e d = 3:27 nonzeros per row
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Direct or Iterative Solvers?

e direct methods
e efficient for full matrices
e good for lots of RHS vectors

e sSparse matrices may lead to fill-in
e Node ordering often important
e storage and CPU restrictions

e iterative methods
e data structures predetermined
e No need for special node ordering
e efficient for extremely large sparse problems
e |ast iterate can give a good starting vector

e Some expertise needed
e often no guarantee of success P Workshop 2003 ST



Asymptotic Estimates

lterative method: Conjugate Gradients

Direct method: Gaussian Elimination with band-minimising
node ordering
Computational Work
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|. Symmetric Positive Definite Systems

Solve Ax = b where

* Ais symmetric and positive definite
* A has s distinct (positive) eigenvalues

Minimal polynomial:

A5 +mi A5+ me 1A+ m =0

SO
TMs—1

A—1:_LA3—1_@A5—2_M_

Mg g g

I

x=A"1b e K(A,b,s) =span{b, Ab, A%b, ..., A* b}
Krylov Subspace
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Three equivalent problems

1. solve Ax =Db

.. 1
2. minimise ®(x) = §XTAX —xIb

Vo(x)=Ax—b =0

3. minimise ||x — x|| 4

[vila={v"av}’
(x —%)TA(x—%) =bl A7 b + 20(x)
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Steepest Descent Method

1
d(x) = §XTAX —x!b

At a point x;., ¢ decreases most rapidly in direction
—V@(Xk) = b — AXk =TI
Value of ® at point x;.1 = x; + azr; minimised when
T

r%Ark

L. —

and
(I)(Xk—H) < (I)(Xk)

IS guaranteed
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A Practical SD Example

2 1
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Conjugate Gradient Method

Choose new search directions {po, p1, ...} with iterates

Xi+1 = X + aPg

Writing P..1 = span{po,...,ps}, We require
() xpp1= min d(x)
XE P11

(i) moin o (x1 + api)

QUESTION: can we choose p; so that x;,_; satisfies (i) and
(i) simultaneously?
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YES: choose the vectors p;, to be A-conjugate, I.e.

p; Apr, =0, j <k

Some nice properties:

e x; Minimises ®(x) over all x € P,

¢ ||x; —X||4 = mMinimum

o 1, | (A, g, k)

e pApy =ripj=rir; =0 j<k

¢ span{ro, s ,I’k_l} — Span{p07 s 7pk—1} — K(Aa o, k)
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Conjugate Gradient Method
Hestenes & Stiefel (1952)

choose x
compute ro = b — Axy
set pg = rg
for kK = 0 until convergence do
o, = r1y/pl Ap,
Xk4+1 = Xk + QgPk
eyl = T — QAP
Bk =T} Thi1/TLT
Pr+1 = Tk+1 + OkPk
end do
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Finite Termination

CG method constructs iterates

X, € X0 + Spaﬂ{ro, Arg, . .. ,Ak_lro}

with properties
e x;, Minimises ||x; — x||4
o 1. 1 K(A, g, k)

e p; Ccan be calculated via a three-term recurrence
relation

Theorem: The CG method finds x in s steps.

Proof: x € K(A,rg,s) SO x € Ps;. But x minimises
d(x) over x € K(A,rg, s) and x; minimises $(x) over
x € P,. Hence x, = x.
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A Practical CG Example
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CG Convergence

X € Xg + span{rg, Arg, . .. ,Ak_lro}
k . k .
rp=b—Axy=b- A <XO + Z%A“ro> =ro— ) 7iA'To
1=1 1=1
.e.
'y = Pk(A)I'()

P, € IIL = polynomials of degree k with constant term 1

Ixx —x||a = |rilla-r = min [|F(A)roll4-
f)kEI—Ill€
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Expand rj in terms of orthonormal eigenvectors:

FOZZPM', /Oz':V;FI'O, Av; = \v;
i=1
X, — X = min |[P(A Vil a-
b= xla = i 1B vl
1
n 2
— min P.(O\) 2 (o;v) P A7 (p,v,
{pken;; e (A2 (pivi)TAT (p )}
1
< min max |P,(\)] {rj A "o}

PkEH,l~C ?

min max | Po(A)| [rolla-s
PkEH}c

X — x]l4 < min max | Py (A)]||x0 — %]|4
P]{EH]%:
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|deal Bound

P.in 1S such that

M = max |Pin(\)| = min max | P, (\;)]
7} PKEH}{ 1

MINIMAX APPROXIMATION

Theorem: Greenbaum (1979)
This error bound is sharp, i.e. there is always some x( such
that the discrete minimax bound

|xp —X||a < M||xo —X||a

IS attained.
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Practical Bound

Based on knowledge of )\,..x and \.;, alone, bound involves

>\max _>\min )\maX

Tk‘ |: )\max ‘|‘)\min —2) :|

. condition number &k =
Tk |:)\max‘|‘)\min:| )\mm
)

max _)\min

Tk (A) =

. 1 1
M = max ’Tk()‘i)‘ — — K1
(’ Tk |:§max+)\min:| Tk |:I<{,— j|

max _)\min

TCHEBYSHEV APPROXIMATION

Number of iterations required for convergence is

L. 2

k:§ln—\/E

€
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CG residual reduction

512 x 512 matrices, zero initial guess, random RHS
different eigenvalue spectra, same condition number

0

10 T T T T T T T ]
AR —— Tchebyshev zeros |3
- — evenly spread
I — FD stencil
—— FE stencil
107 8 clusters
: 2 clusters
10k
ZI.O_3 2
10" 2
107 =
10° :
0 5 10 15 20 25 30 35 40
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PDE examples

3D uniform grid with n nodes per dimension
r.s,t=1,...,n

/ point Finite Difference Stencil

1 rmT 1 ST 1 tm
At =1 - ~ cos — — COS — — COS

3 n+1 3 n+1 3 n+ 1

27 point Finite Element Stencll

st 1 r ST 1 r tm
N7 =1— —cos COS — — COS COS
4 n+ 1 n+1 4 n+ 1 n+ 1
1 ST tm 1 r ST tm
— — COS COS — — COS COS CcOS

4 n+ 1 n+1 4 n+ 1 n+ 1 n+ 1
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Tchebyshev error: 0.3918e-2
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CG Method In Practice

e Advantages:
* involves only matrix-vector and dot products

e exact solution obtained Iin at most s iterations

e Problems:
* s may be very large

* rounding error means theoretical properties lost

e Solution:

* reduce the number of CG steps required by applying
PRECONDITIONING (more later ...)
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2. Symmetric Indefinite Systems

If A I1s symmetric indefinite:

e A has both positive and negative (nonzero) eigenvalues

o v!' Av may equal zero for some n-vector v # 0

Potential problems with CG:

e A can no longer be used to define a norm

e breakdown may occur: denominator of «;. could be zero
(or close to zero)
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Conjugate Residual Method
Stiefel (1955)

Solve A’x = Ab by CG method

CR method constructs iterates

X € X + span{rg, Arg, . .. ,Ak_lro}

with properties
o x5, Minimises ||x; — x| 42 = [|r |2

e p; can be calculated via a three-term recurrence
relation
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CR Algorithm

choose x

compute ro = b — Axy

set Po = I

compute Apg

for £ = 0 until convergence do
ap =riry/(Apg)’ Api
Xk+1 = Xk T OgPk
i1 =T — apApg
Ok = T} Tkt /T} Ary
Pi+1 = Tiy1 + OkPk

Api4+1 = Arpyq + B Apg
end do

can be implemented with one MVM per iteration
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Convergence of CR method

Ik — %42 < min max|P()][x0 — %] 4

Pell;

For symmetric eigenvalue intervals, Tchebyshev bound

Implies number of iterations required to achieve

convergence Is k o« k

15F

l,

0.5F
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Alternative Methods
Potential problems with CR:

e breakdown may occur: denominator of «;, could be zero
(or close to zero)

e CR algorithm is unstable in this form

Possible solution:

e generate an orthonormal basis for (A, rg, k) In @ more
stable way, retaining the cheap three-term recurrence

= mathematically equivalent but stable method ...

PIMS Workshop 2003 — p.30/7:



MINRES
Paige and Saunders (1975)

Construct iterates
xr = X0 + Viyk

satisfying
e X; MINIMISeS |[rg||2

o 1, | span{Arg, A’rg,..., AFry}

Vk — [V17V27"' 7V]€]

v form an orthonormal basis for «(A, rg, k)

Use the Lanczos method to find vy.
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Lanczos Method
Lanczos (1950)

Three-term recurrence:

T 10
Bj+1Vj+1 = Avj—a;vi—0Fvi_1, a; =v; Avj, vi = 3 Br = [[roll2

Ty = tri|Bj, o, Bj+1]

extreme eigenvalues of T, — extreme eigenvalues of A

A

T, = T} first k rows
0,...,0,0ky1] lastrow

AV, = Vi T,
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MINRES ideas

e use Lanczos method to produce tridiagonal matrix 7}
ry = b— A(xo+ Viyr)
= 10— Vi1 lpyx
= Viri(brer — Trys)

minimise ||t || = minimise ||Gie1 — Tyl

e |least squares problem for y;.

Givens rotations, QR factorisation of 7.
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MINRES Algorithm
Fischer (1994)

choose xg
compute vop = b — Axg

set By = [[Voll2, n0 = Bo
Ssetcg=1,c.1=1,590=0,s5_1=0

for kK = 0 until convergence do

Vi+1 = Vi/ 0Bk

D41 = VZ+1AV/€+1

Vipl = (A — agpp1 L) Vi1 — Brv
Br+1 = [[Voll2

INnitialise

Lanczos
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1l = CLOkt1 — Ch—15k5%k

-2
=i+ 5 QR
re = SkpQg+1 + Ck—1Ck 0k
r3 = Si—10k
Chy1 = T1/71 Givens

Sk+1 = Br+1/T1

Witl = (Vg1 — rewyg — 13Wg_1) /71
Xpi] = X + CpW update

Nk+1 = — SNk

end do
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Alternative methods

SYMMLQ
Paige and Saunders (1975)

Also has a strong Lanczos connection, but minimises the
2-norm of the error rather than the residual

ORTHODIR
Fletcher (1976)
ORTHOMIN/ORTHODIR
Chandra et al. (1977)

Equivalent to MINRES, closer in implementation to CG/CR

PIMS Workshop 2003 — p.36/7-



3. Nonsymmetric Systems

Faber and Manteuffel (1984 & 1987): there is no Krylov
type method which retains both

() minimisation property

(ii) fixed length recurrence

e Normal Equations
solve AT Ax = A'b using CG

e Minimum Residual Methods
retain (i), sacrifice (i)

e Biorthogonalisation Methods
retain (ii), sacrifice (i)
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CGNR
Hestenes and Stiefel (1952)

Apply CG to normal equations
Al Ax = A'b
Construct iterates
x;, € xo + span{Alry, (AT A)Alrg, ..., (AT A1 ATy}
satisfying

e X; MiNiMises ||x; — x|| 474 = [|rk||2
o r;, L {AA Ty, (AAT)?rg, ..., (AAT)Frg)

PIMS Workshop 2003 — p.38/7-



CGNR Convergence

r < min ma 2
Ieellz < min max p() o]

where X contains the singular values of A

number of iterations required for convergence is

k X K

where k = k(AT A) = [k(A4)]?

BUT ... recall that this may be very pessimistic
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Generalised Minimal Residual Method (GMRES)
Saad and Schultz (1986)
Construct iterates
X = X0 + Viyk
satisfying

e X; MINIMISeS ||rg||2

o r;, | span{Arg, A’rg,..., Afrg} shifted Krylov space

Vi = [v1,va, ..., vi]
v form an orthonormal basis for (A, rg, k)

Use the Arnoldi method to find vy
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Arnoldi Method

Arnoldi (1951)
recurrence relation:

Wi+1
Iwjtall2

J
= = . g v Ay
Vi+l = Wit1 = Avj — E :thJv hij = vi Av;
i=1

Hy, = upper Hessenberg, (h; ; =0,7>j5+1)

extreme eigenvalues of H;, — extreme eigenvalues of A

A

H, = H; first &k rows
0,...,0,hg k41] lastrow

AV, = Viy1 Hy,
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GMRES

e use Arnoldi method to produce upper Hessenberg
matrix H,

minimise ||rx||» = minimise ||3ie1 — Hyz||2

e |least squares problem for y,:

Givens rotations, QR factorisation of H,
(modified Gram-Schmidt)

e alternative implementations available e.g. based on
Householder orthogonalisation: extra work but better
numerical properties

PIMS Workshop 2003 — p.42/7-:



Convergence Behaviour of GMRES

Residual norms satisfy

|rxll2 = min ||pg(A)rol2.
pr€ll;

Exact solution x obtained in at most n steps.

If Ais diagonalisable (i.e. A = XAX~!) then

Irell2 <IX 2l X |2 min max |pg(Aj)]llroll2.
pker >‘j

If S and R are the symmetric and skew-symmetric parts
of A, and S Is positive definite, then

Amin (S .
ol < (1= S ea e ol
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Some Variations ...
Restarted GMRES

restart GMRES every m steps

no simple rule for choosing m: convergence speed may
vary drastically with different values

some convergence analysis available

Simpler GMRES
Walker and Zhou (1994)

calculate orthonormal basis for Ax(A, b, k) directly
may be useful for restarting with small m
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Biorthogonalisation Methods

Nonsymmetric Lanczos Method
Generates two sets of biorthogonal vectors v;, w;

S — SV A o — AT S o
Vi+1 = Tj+1V5, Wi+l = Tj+1Wj+1

Span{vi} — span{VO, 14\707 c. ,Ak_1V()}

span{w;} = span{wg, Alwo,..., (A7) twy}

AV = ViGp+[0...0 g1V, ATWk = Wng—l—[O 0 Ve Wi
Wiv, =1, WAV, =G, ViiAlw, =GL

where
Gk = trl [737 5]7 77.]"_1] PIMS Workshop 2003 — p.45/7.



Biconjugate Gradient Method (BICG)

Lanczos (1952), Fletcher (1976)
choose x(, compute po = rg = b — Axg
choose r
set Py = Fo, po = £ g
for k =1,2,... until convergence do
0k—1 = Pr_1APk—1
k-1 = Pk—1/0k—1
Xk = Xg—1 T Xk—1Pk—1
I =T 1 — Qp_1A4DPL 1
t =Fp_1 — 14" Ppq
P =TTy
Br—1 = pr/pr-1
Pt = Tk + OpPr—1
Pt = T + OpPr—1

end
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BICG Theory
Construct iterates
X = Xg + span{rg, Arg, . .. ,Ak_lro}

satisfying
o 1, | span{fg, Atg,..., A" 1ig}
e three-term recurrence

Potential problems:
e wild oscillations in ||rg||2
e possible breakdowns:

AT AT
Pp 1ApPk-1=0, T 1% 1=0

when r;_; #£ 0, rp_q # 0.

PIMS Workshop 2003 — p.47/7



Look-ahead Lanczos

Possible breakdown: viwy =0, v # 0, wy # 0

Problem: cannot scale to find Lanczos vectors corresponding
to basis vectors A*vq and (A”)* wy

Solution: relax biorthogonality condition for [ steps (may be
fulfilled again for higher powers of A and A”)

l.e. still satisfy
AVk = Vka+[O .0 nk+1vk], ATWk = WkGZ—F[O .0 ’ykﬂwk]

but not WV, = I, for [ steps
(1. 1S now upper Hessenberg block tridiagonal
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Quasi-Minimal Residual Method (QMR)

Freund and Nachtigal (1991)

Construct iterates
x; = X0 + Viyr

where
Vk} — [V17V27 e 7Vk]

v form a basis for «(A, rg, k)
e Nonsymmetric Lanczos: Vj, IS not unitary
e t00 expensive to minimise ||rz|l2 = ||Vir1(61e1 — Gryr)||2
e quasi-minimal: minimise ||Jie; — GLy||2

e avoid Lanczos breakdown: do [ steps of “look-ahead”
Lanczos
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(1. Is upper Hessenberg: QR factorisation via Givens
rotations

If Ais symmetric, QMR = MINRES
iIncurable breakdown (unlikely due to round-off)

convergence results (X Is a matrix of eigenvectors of
Gk):

1 :
Irille < (Vi ll2| X212 X2 min max |pg(Az)|[ro]|2
pker )‘j

MR GMRES
eM Ny < k(Viepr)|Ir$ 2
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Transpose-free Methods

Transpose-Free QMR (TFOMR)
Freund (1991), Chan et al. (1991), Freund and Szeto (1991)

e A can be eliminated by choosing a suitable starting
vector

Conjugate Gradients Squared (CGS)
Sonneveld (1989)

Construct iterates
Xor = X0 + K(A, 1o, 2k)
where 1§ = (pPiCC(A))2r

e Mmagnifies erratic convergence of BICG
e may diverge when BICG converges
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BICGSTAB

van der Vorst (1990)
Construct iterates

Xor = X0 + K(A, 1o, 2k)

where rDiCCSTAB — pBICEA) ) (A)rg

e polynomial x; € II; updated with a linear factor at each
step

Xk(A) = (1 — pgA)xp—1(A)

e free parameter ;. determined via a local steepest
descents problem

e convergence typically much smoother than CGS

BICGStab2, Gutnecht (1993)
BiCGstab(l), Sleijpen and Fokkema (1993)
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Example: Calculation of Invariant Torl

% %
a(X, Y)a—; +b(X, Y)a—; L e(X,Y)s = o)

10" g

I I
— BICG

~ BiCGStab2 |
— BICGstab(2) |+
100 : CGNR
26 —— GMRES
— QMR
10" F
10_2 3
10° =
10_4 = vm ""A‘ﬁ
; A ‘\‘
W‘M‘
10‘6 I I I I I I I
0 20 40 60 80 100 120 140 160 180 200
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Preconditioning
ldea: instead of solving Ax = b, solve
M tAx=M"'b

for some preconditioner M

Choose M so that

(i) eigenvalues of M~'A are well clustered
(i) Mu =r Is easily solved

Extreme cases:
e \/ = A: good for (i), bad for (ii)
e M = 1. good for (ii), bad for (i)
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Practical Implementation
preconditioner M = M; M,
solve Mu=r, Mfu=r

new system

~

(M YAM; Y [Mox) = M;'b = Ax =b

—1~ ~
XL = M2 Xk, I'lL. = erk

central : as above
left : Mo =1
right . My =1
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symmetric positive definite: if My = M, resulting
system is also symmetric positive definite

symmetric indefinite: M must be symmetric positive
definite for MINRES; M can be indefinite with QMR

nonsymmetric:
e central: analysis may be easier

o left: if M~ A~ 1,7, = M~ TA(x), — %) ~ %), — %, i.€.

ITkll2 == [[xp — x[|2

e right: minimise in correct norm, I.e.

ITxll2 = [l

PIMS Workshop 2003 — p.56/7:



Preconditioned Conjugate Gradient Method
Concus, Golub & O’Leary (1976)

choose xg

compute ro = b — Axy

solve Mty =rg

set pg = rg

for £ = 0 until convergence do
Qf = I'p rk/Pk Apy,
Xk+1 = X + 0Pk
i1 = Tp — APy
solve Mf‘k_|_1 = I'f41
Ok = i Fhy1 /7 Ty
Pk+1 = Trp+1 + OkPk

end do
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Connection with Stationary Methods
matrix splitting A = M — N
Iterates
Xpi1 = M INx, + M 'b =%, + M 'ry,
where the error satisfies

xp —x = (I — M 1Ak (xy — %).

(I — M—1A) is small = rapid convergence

good preconditioner = good splitting operator
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Introduce iteration parameter «:
X1 = Xg + M 'y,

with error
x; —x = (I —aMtA)*(xg — X).

Vary o from step to step: error becomes
xp — %= ([—ap_ M TA) .. (I—agM tA)(xg — %)

polynomial of degree k with constant term 1

M = I gives CG method
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Common Matrix Splittings

A=M-N, A=D+L+U
Richardson: A = I — (I — A)
Jacobi: A = D—[—(L+ L")
Gauss-Seidel: A = (D+ L) — (-L)

SOR: A = M,— N,

_ é(p L wl) - é[a —W)D — wIT)

SSOR: A = 2“’ (M,D*MT — N,D"INT)
— W
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Incomplete LU Factorisation

Step 1: selectset J ={(i,75) : 1 <1,7 < N} of index pairs
(including all (7, 7))

Step 2: perform LU factorisation and restrict all non-zeros
to entries in J

’rij:()a (i,j)GJ, ’l“iz':OéZTij

e |ILU factorisations do not always exist
e very sequential in nature
e block matrix analogues
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Parameterised Incomplete Factorisation

fori=1,...,ndo
forj=1,...,ndo
si7 = aij — ey D iy
if (¢,7) € J then
If (Z > ]) then lz'j = Sjj
If (Z < ]) then U5 = Sij

else
lis = lii + usij
endif
enddo
Ui — 1

forj=i¢+1,...,ndo
wij = Wij/lii
enddo
enddo
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Some Variations on ILU

J = nonzero entries in A

a = 0: ILU, Meijerink and van der Vorst (1977)
o = 1. MILU, Gustafsson (1978)

ILU(N), MILU(N)
J includes N extra diagonals

ILU with Drop Tolerance, Munksgaard (1980)
Drop all entries of fill-in with absolute value less than

T € [1074,1072].

Shifted ILU, Manteuffel (1978,1980)
Make A more diagonally dominant by factorising

- 1
A=D+ —C.
1+
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Sample Eigenvalue Plots

e seven point finite difference stencill

Incomplete Cholesky

3.5

3.5

Modified Incomplete Cholesky
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Polynomial Preconditioning
Apply CG to
p(B'A)B 1Ax = p(B~1A)B~'b
l.e. use
Mt =pB1A)B™!
so that u = M/ ~'r is easily solved

Choose B to be a matrix splitting from stationary methods
e.g.
e B from SSOR gives m-step CG method (Adams (1985))
e B =1 from Richardson (Ashby (1987))
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Grid-based Preconditioners

e hierarchical basis preconditioners
Yserentant (1986), Ong (1989)

M=S5"1g-1

S Is the linear transformation from standard to
hierarchical finite element basis

e Mmultigrid methods
Hackbusch (1985)
solve on a series of coarse to fine grids
algrbraic multigrid

e domain decomposition
Bramble, Pasciak and Schatz (1986)
different preconditioners for different parts of the grid

PIMS Workshop 2003 — p.66/7-



Element-By-Element Method
Hughes, Levit & Winget (1983)
e assemble one element matrix A, into G,

o formG, =1+ D 3(G.— D.)D 2

o factorise G, = L. D.L!
(L. is the assembly of lower A factor of related A.)

e preconditioner is

N

M =D

N[
—
%

e 1 _
2| |]]ci|D
Le=1 1 Le=F i
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Element Factorisation Method
Kaasschieter (1989)

o factor element matrices A, = (D, + L.)D} (D, + L.)"
(D is the generalised inverse of D,)

e number without maximal global node numbers (using
e.g. Reverse Cuthill-McKee numbering)

o form £ = L'[L.|L, D= L'[D,.|L

e preconditioner is

M= (D+L)D YD+ ch)
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Examples of Stopping Criteria

standard tests:  |rplls <€, LElz <

|Mirll2

with left preconditioning: || Mirg|l2 <, Mol =

condition number dependent (e.g. Ashby et al. (1990)):

Tk
0

||Xk—>f”2 gn(A)”r’“”Q <e ||Xk—>A<HA < (HJA(A)
|x0 — x||2 roll2 |x0 — %4

>%

backward error analysis (e.g. Arioli et al. (1991)):

el
[l csll + ol
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Software Packages

Avalilable from netlib:

e by WWW:
http://www.netlib.org/master/expanded_liblist.html

e by email: mail netlib@netlib.org with
send index from linalg

e by anonymous ftp:
ftp.netlib.org

PIMS Workshop 2003 — p.70/7-



Netlib:

itpack

slap
iInalg/laspack
iInalg/gmrpack
Inalg/templates

linalg/cg

Also:

cgcode
AZTEC

Some Examples

Young and Kincaid FORTRAN

Seager and Greenbaum FORTRAN

Skalicky C

Freund and Nachtigal FORTRAN

Barrett et al. C, FORTRAN,
MATLAB

Eijkhout PVM

Ashby et al., LLNL FORTRAN

Tuminaro et al. NnCUBEZ2, IBM SP2,

Sandia National Lab. Intel Paragon, MPI
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Some Relevant Books

Templates for the Solution of Linear Systems. . .,
Barrett et al. , SIAM (1994)

Iterative Solution Methods,
Axelsson, CUP (1996)

lterative Methods for Sparse Linear Systems,
Saad, PWS (1996)

Iterative Methods for Solving Linear Systems,
Greenbaum, SIAM (1997)

Computer Solution of Large Linear Systems,
Meurant, North-Holland (1999)

lterative Krylov Methods for Large Linear Systems,
van der Vorst, CUP (2003)
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Some Summary Papers

Iterative Solution of Linear Systems, Freund, Golub and
Nachtigal, Acta Numerica (1991)

Developments and Trends in the Parallel Solution of
Linear Systems, Duff and van der Vorst, Parallel
Computing 25 (1999)

Numerical Progress in Eigenvalue Computation in the
20th Century, Golub and van der Vorst, J. Comp. and
Appl. Math. 123 (2000)

Iterative Solution of Linear Systems in the 20th Century,
Saad and van der Vorst, J. Comp. and Appl. Math. 123
(2000)

Preconditioning Techniques for Large Linear Systems:
A Survey, Benzi, J. Comput. Phys. (2003)
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Summary

e symmetric positive definite CG
e symmetric indefinite CR, MINRES, SYMMLQ

e Nonsymmetric
* normal equations
CGNR
° minimisation
GMRES, GMRES(m)
* biorthogonalisation
BICG, CGS, BICGSTAB, BiCGstab(/), OMR

PRECONDITION WISELY!
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