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Direct or Iterative Solvers?

e direct methods (see e.g. HSL library, MUMPS package)
o efficient for full matrices
e good for lots of RHS vectors

e sSparse matrices may lead to fill-in
e node ordering often important
e storage and CPU restrictions

e iterative methods (e.g. Krylov subspace methods)
e data structures predetermined
e No need for special node ordering
e efficient for extremely large sparse problems
e last iterate can give a good starting vector

e some expertise needed
e |lack of robustness
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Symmetric Positive Definite Systems

Conjugate Gradients: Hestenes and Stiefel (1952)

CG method constructs iterates

X, € X0 + Spaﬂ{ro, Arg, ... ,Ak_lro}
where r, = b — Ax;., with properties

e x;, Minimises ||x;, — x||4 = (x — x)TA(x — %)

e uUses a three-term recurrence relation

Theorem: The CG method finds x in s steps.

e In exact arithmetic, CG Is a direct method!

Ixr = x]la < min max |F(A)][[x0 — x|/
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Practical Bound

e use Tchebyshev approximation to obtain bound
Involving the condition number s = Aax/Amin

e number of iterations required for convergence to within

tolerance ¢ Is

L. 2

k~—-ln—-vk
2 €

e condition number bound is useful but eigenvalue
clustering plays an important role

k=3: error=0.0668
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Symmetric Indefinite Systems
MINRES: Paige and Saunders (1975)

construct iterates x;, = xg+ Viy, With
properties
e X; MINIMIses |[|r|[2

e uses three-term recurrence relation

Vk — [V1>V2>--- 7Vk]

v form an orthonormal basis for (A, rg, k)

e uUse Lanczos method to find v

e solve resulting least squares problem for y,. using
Givens rotations and QR factorisation
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Convergence of MINRES
e at step k:

|9 min max [k (A; )| ||Tol2
[rell2 < P (Ai)l[ro
P ell;

e symmetric intervals: [—Amax, —Amin) U [Amin, Amax|

Amax

kXX k=

)\ min
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Nonsymmetric Systems
GMRES: Saad and Schultz (1986)

Construct iterates x;. = xg -+ Vv, Wwith
properties
e X; MINIMIses |[|ry|[2

e NO short-term recurrence

Vk — [V17V27°°° 7V/€]

v, form an orthonormal basis for (A, rg, k)

e use the Arnoldi method to find v,
o if Ais diagonalisable (4 = XAX™1)

1 :
Irille < X2 X2 min, max | P (Az)]|roll:

kek
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Preconditioning
ldea: instead of solving Ax = b, solve
M tAx=M"'b

for some preconditioner M

Choose M so that

(i) eigenvalues of M ~'A are well clustered
(i) Mu =r Is easily solved

Extreme cases:
e /[ = A: good for (i), bad for (ii)
e \/ = 1. good for (ii), bad for (i)
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Model Problem: Twisted Nematic Device

e nematic liquid crystal sample V=0 v=s
between two parallel plates a e e
distance d apart 094 & 09y

0.8 — 08— @

e strong anchoring parallel to plate 07— ¢ o074 |

surfaces o6 & o T

e rotate one plate through /2 oa-f
radians 05 T

e clectricfield E = (0,0, F(z)), o1l I
applied voltage V/ ol I
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Case 1: Director Model

. . . . dU
director n = (u, v, w), electric potential U with £ = .
<

equilibrium equations on z € [0, d]

1 d
F = 5/ [K||Vn|* — epe E? — epea(n - E)?} dz
0

discretise with linear finite elements on a grid of vV + 1
points z;. a distance Az apart

constraints |n| = 1 applied pointwise using Lagrange
multipliers

n = N — 1 unknowns for each variable w«, v, w, U, )
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Constrained Minimisation

A
G = {[f(ul,...,un,vl,...,vn,wl,...,wn,Ul,...,Un)
— Al(u%wtv%wtw%—l)—...)\n(u%+v%+w%—1)]
e Solve VG(x)=0 for x = [u,v,w, \, U]

N + 1 gridpoints = n = N — 1 unknowns

e use Newton’s method: solve

V2G(x;) - 6x; = —VG(x;)

e 5n x 5n coefficient matrix is Hessian V2G(x)

V2G =

- VinG Vi G ViuG

Vi G Vi,G V§{,G

| VinG ViuG VouG
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Full Hessian Structure

- VinG VG VigG o
VG =| V: G VG V4G
| VinG ViuG VoG

T
|
EAA
o o ™
o T

e H Is symmetric and indefinite

e double saddle-point problem (see e.g. Benzi, Golub and
Liesen, Acta Numerica 2005)
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Nullspace Method

Aén + BoN+ DU = —V,G (1)
Blén = —V,G (2)
Dién—CoU = —VyuG (3)

use 7 ¢ R332 whose columns form a basis for the
nullspace of B, i.e. B'Z =2Z"B =0

write solution of (2) as én = on + Zz where particular
solution satisfies B7on = —V,G

system size reduced from 5n x 5n to 3n x 3n
additional equations:

on = —B(B"B)"'V,G
om =— ZZ—I—gI\I
oA = (B'B)"'BY (V.G — Aén — DSU)
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Nullspace of B?

I _ -

1o
B=-Az | . onj=| v

nn

e use eigenvectors of orthogonal projection / — n; @ n;,

e.g.
-_fU_]- __ﬁ_
U4 U4
L= 17| m;=| 4’ (uj #0)
0 I
_11 m; -
12 1005
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Solving the Reduced System

ZTA7 ZTD [ 2 1 | —Z7(VaG + Adn)
DTz —C || U |~ | _vyG - DTon

o Write A=27'A7 and D= 27'D:
A D
[ %

e block preconditioner: P = [ 61 g ]

e preconditioned matrix:
H—ploppi2 | I M
M -1

M =C12DA~1Y/?
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Preconditioned Spectrum

~ 1/2q,me—1j2 | T MT
H =P V2np [M _[]

e 3n eigenvalues of H are

() 1 with multiplicity n+1
(i) -1 with multiplicity 1

(i) =\/1+0; for k=1,....,n—-1

where ¢, are non-zero singular values of M
e to achieve ||r;|[2 < €l|rg|2 need

1 2
Yy __ 2 N
ko~ 2\/1+0maxln<€>

e omax Can be bounded independently of Az
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lteration Counts

e iterations - diagonal scaling

N 8 16

32 64 128 256

first Newton step | 15 40

117 382 1293 5126

last Newton step

37 134 414 1617 7466 34755

e iterations - reduced block preconditioning

N 8 16 32 64 128 256
first Newtonstep |5 5 5 5 5 5
last Newtonstep |5 5 5 5 5 5

e times - A: full\, B: reduced \, C: reduced block

N A

B C

256

1.18e-01 1.26e-01 1.26e-02

512

4.89e-01 4.40e-01 2.26e-02

1024

1.40e+00 1.37e+00 4.64e-02

2048

5.25e+00 5.15e+00 1.12e-01

4096
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Case 2: (Q-tensor Theory

symmetric traceless tensor

Q\/§<u®u—%1>

local ensemble average over unit vectors u along
molecular axes

basis representation

qd1 q2 q3
Q= | ¢ q4 5
a3 g5 —q1 —q4

applied electric field E, electric potential U
unknowns q1, 42, 93+ 94, G5, U
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Free Energy Minimsation

e additional thermotropic energy term
e solve Euler-Lagrange equations

vV.-T = f° i1=1,....5
V:-D =0

, __ OF) , __ OF, - Oqi
F; o 8q7;f7-’ fz o 8_qf’ Q’L,] 0z

e solution vector u = [q1, 92, q3, 94, g5, U]"
e finite element approximation, quadratic nodal elements

e linearise about uy and iterate
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(K + 2aM + Ny, )ou = —(K + 2aM)ug — Ry,

[ K

Linear System At Each Step

N|U0:

[ M
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Saddle-point problem

A B
By C

A

e AISHn x bn, B11Sb5n X n, By 1ISn X 5n
e Nonsymmetric: A can be indefinite, C' is positive definite

1000 1500
nz = 1602 nz = 331944

1D 3D
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GMRES lterations

e diagonal preconditioning

e convergence tolerance 1e-8

Ny | Naos [V=0[V=05]V=15[V=

16 | 198 | 129 | 151 141 | 141
32 | 390 | 245 | 298 270 | 228
64 | 774 | 327 | 430 349 | 274
128 | 1542 | 372 | 546 441 | 395
256 | 3078 | 594 | 985 800 | 720
512 | 6150 | 1108 | 1821 | 1557 | 1408

e many (almost) multiple eigenvalues

e real eigenvalues for V< V.

e complex eigenvalues for V>V,
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Block Diagonal Preconditioner

[ A B A 0
s e ] P[0 )
A%A, SQS:O—BQA_lBl

o A=A, 5=25
No | Naos | OV [ 05V [ 15V |5V
16 | 198 | 1 3 14 9
32 | 390 | 1 3 7 9
64 | /74 | 1 3 8 10
128 | 1542 | 1 3 7 10
256 | 3078 | 1 3 8 10
512 | 6150 | 1 3 7 10

o A=A, S = C"results exactly the same
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Approximation for A

A =bl_diag(K), S =C

No | Naos | OV [ 05V [ 15V | 5V
16 | 198 | 79 | 78 | 93 | 107
32 | 390 | 99 | 97 | 117 | 132
64 | 774 | 112 | 117 | 125 | 139
128 | 1542 | 119 | 118 | 127 | 140
256 | 3078 | 121 | 120 | 126 | 140
512 | 6150 | 122 | 121 | 128 | 140
A=0bl_diag(K), S =K
N | Naog | OV [ 05V [1.5V ] 5V
16 | 198 | 79 | 82 | 100 | 105
32 | 390 | 99 | 100 | 118 | 126
64 | 774 | 112 | 111 | 121 | 131
128 | 1542 | 118 | 118 | 121 | 132
256 | 3078 | 121 | 120 | 123 | 133
512 | 6150 | 122 | 121 | 123 | 132

Oxford, August 2011 — p.24/42



Two Dimensions

e unstructured grids of triangles
e hierarchic finite elements of degree two

A=A S=C
Nuos | OV [ 05V [ 1.5V |5V
618 | 1 9 12 | 19
1782 | 1 9 12 | 21
7746 | 1 8 12 | 15
A=0bl_diag(K), S =K

Naog | OV 105V [ 1.5V | 5V
618 | 166 | 177 | 205 | 218
1782 | 167 | 190 | 235 | 266
7746 | 177 | 196 | 237 | 274
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Summary

e Linear algebra subproblems often cause bottlenecks In
computational models in terms of memory and CPU
time.

e Spending some time and effort on developing efficient
preconditioned iterative solvers can be beneficial.

e Two examples presented today:

e For director models with unit vector constraints,
systems can be solved efficiently using a
preconditioned nullspace method (which should be
efficient in 1D, 2D and 3D).

e For Q-tensor models, a block preconditioner using
the stiffness matrix shows promise: it is cheap to
Implement and may lead to convergence
Independent of meshsize.
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Asymptotic Work Estimates

lterative method: Conjugate Gradients

Direct method: Gaussian Elimination with band-minimising
node ordering
Computational Work

d=2
CG O(Nz) | O(N
GE factorise | O(N?) | O(N
GE solve | O(N2) | O(N

¥
]

N———

WOt W Wk (:,3
—

N———"

Storage
d= d=3
CG ON) | OV
GE factorise | O(N2) | O(N3)
GE solve | O(Nz2) | O(N3)
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Krylov Subspace Iteration

Solve Ax = b where

* A s symmetric and positive definite
* A has s distinct (positive) eigenvalues

Minimal polynomial:

A5+ mi A% o me 1A+ m =0

SO
ms—1

A—lz_LAS—l_@AS—Q_..._

Mg Mg Mg

I

x=A"'b € K(4,b,s) =span{b, Ab, A*b, ..., A" b}

Krylov Subspace
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Three equivalent problems

1. solve Ax =D

. 1
2. minimise  ®(x) = §XTAX—XTb

Vo(x)=Ax—b =0

3. minimise  [|x — x| 4

[vila={v"av}’
(x —%)TA(x—%) =bT A7 b + 28 (x)
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Nonsymmetric Systems

Faber and Manteuffel (1984 & 1987): there is no Krylov
type method which retains both

() minimisation property

(ii) fixed length recurrence

e Normal Equations
solve AT Ax = A'b using CG

e Minimum Residual Methods
retain (i), sacrifice (ii)

e Biorthogonalisation Methods
retain (ii), sacrifice (i)
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e eigenvalues of H lie in [\, As] U [Asr1, Amax)

Matrix Conditioning

e estimate of matrix conditioning:

N | condest | Anin(H) As(H) | Ast1(H) | Amax(H)
8 1.64e+6 | -6.68e+2 | -5.40e-4 | 1.88e-1 | 3.07e+1
16 | 2.58e+7 | -1.44e+3 | -6.26e-5 | 2.19e-1 | 6.33e+1
32 | 4.09e+8 | -2.98e+3 | -7.68e-6 | 1.28e-1 | 1.28e+2
64 | 6.51e+9 | -6.07e+3 | -9.56e-7 | 6.60e-2 | 2.56e+2
128 | 1.04e+11 | -1.23e+4 | -1.20e-7 | 3.33e-2 | 5.12e+2
256 | 1.66e+12 | -2.46e+4 | -1.50e-8 | 1.67e-2 | 1.03e+3
O(N%) O(N) | O(NT?) | O(N7Y) | O(N)
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Elastic Energy

energy induced by distorting the Q-tensor in space
energetically favourable for Q to be constant
gradients in Q lead to an increase in energy

1 _ 1
Felastic = §L1(dlv Q)2 T §L2‘V X Q‘Q

parameters L, and L, related to the Frank elastic
constants

K splay
Ko twist
K3 bend

Ko+ Ky saddle-splay
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Thermotropic Energy

e potential function which dictates which state the liquid
crystal would prefer to be in: uniaxial, biaxial or isotropic

1 . V6 1
Fthermotropic — §A(T — T ) tr Q2 o ?B tr Q3 T ZC(U’ Q2)2

e Uniaxial case: AT —T*)S? - 1B S3+1C S5

0.5

-0.5F
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Electrostatic energy

e applied electric field E, electric potential U

E=-VU

e electric displacement
D = —GQ(EI -+ AG*Q)VU

average permittivity €, dielectric anisotropy Ac*

1
Felectrostatic — _iD - K
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Eigenvalues
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Liquid Crystal Problems

V=0 V=1.5 V=0 V=5 V=0 V=5

HAN cell Pi cell TND cell
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Off State
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On State

V=4
V=4
T
Theta
Phi
U
| | | | |
0.5 0.6 0.7 0.8 0.9 1

' 4
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Critical Voltage

e switching occurs at

T | 3K

15

0.5

max

-0.5F

_15 1 1 1 1 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1 11 1.2 1.3 1.4 15
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